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Abstract 



Based on the (approximate) chiral symmetry of QCD Lagrangian and the 
bound state assumption of effective meson fields, a nonhnearly reahzed effec- 
tive chiral Lagrangian for meson fields is obtained from integrating out the 
quark fields by using the new finite regularization method. As the new method 
preserves the symmetry principles of the original theory and meanwhile keeps 
the finite quadratic term given by a physically meaningful characteristic en- 
ergy scale Mc, it then leads to a dynamically spontaneous symmetry breaking 
in the effective chiral field theory. The gap equations are obtained as the con- 
ditions of minimal effective potential in the effective theory. The instanton 
effects are included via the induced interactions discovered by 't Hooft and 
found to play an important role in obtaining the physical solutions for the gap 
equations. The lightest nonet scalar mesons (a, /o, oq and k) appearing as the 
chiral partners of the nonet pseudoscalar mesons are found to be composite 
Higgs bosons with masses below the chiral symmetry breaking scale ~ 1.2 
GeV. In particular, the mass of the singlet scalar (or the a) is found to be 
m„ ~ 677 MeV. 

PACS numbers: 12.38.Aw, ll.30.Qc, 14.40.-n, 14.65.Bt 
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I. INTRODUCTION 



The strong interaction between quarks is described by the SU(3) gauge theory, which 
is known as the chromodynamics (QCD). The asymptotic behavior of strong interaction at 
high energy has been successfully characterized by perturbative QCD. Though QCD was 
motivated from the studies of low energy dynamics of hadrons, the low energy dynamics of 
QCD remains unsolved due to the nonperturbative effects of strong interactions. In general, 
hadrons are considered to be the bound states formed by the quarks and gluons through 
the nonperturbative QCD effects. For hghtest pseudoscalar mesons, the success of current 
algebra [1] with PCAC [2] is mainly because it reflects the (approximate) chiral invariance 
of the QCD lagrangian. While the (approximate) chiral symmetry U{3)l x U{3)r is found 
to be strongly broken down due to nonperturbative QCD effects. Many efforts have been 
paid to the issues such as: how the chiral symmetry is dynamically broken down [3], how the 
instanton plays the role as it represents a quantum topological solution of nonperturbative 
QCD [4] , whether the effective meson theory should be reahzed as a linear a model [5] or a 
non-linear a model, whether the lowest lying U{3)v nonet scalar mesons corresponds to the 
chiral partners of the lowest lying nonet pseudoscalar mesons, whether the isospinor scalar 
mesons i^o(1430) [6] are the lowest lying isospinor scalar mesons or there should exist other 
lighter isospinor scalar mesons Kq [7] that constitute the lowest lying nonet scalar mesons 
together with the isovector scalar mesons ao(980), the isoscalar scalar meson /o(980) and 
the singlet scalar meson /o(400 — 1200) (or the a) [8]. 

Theoretically, some phenomenological models have been constructed to investigate the 
scalar sector. In this paper, we shall adopt the new finite regularization method proposed 
recently in ref. [10] to derive an effective chiral Lagrangian for scalar and pseudoscalar 
mesons based on the (approximate) chiral symmetry of QCD Lagrangian and the bound 
state assumption of effective meson fields with including the instanton induced interactions 
discovered by t'Hooft [4,11]. For the purpose of the present paper, we then pay attention 
to study the chiral symmetry breaking mechanism and to predict the masses and mixing 
for the lightest scalar mesons. The advantages of the new finite regularization method 
are that it allows us to obtain the effective chiral Lagrangian which preserves gauge and 
Lorentz as well as translational invariance and meanwhile keeps the physically meaningful 
finite quadratic term. As a consequence, it leads the resulting effective chiral field theory 
to have a dynamically spontaneous symmetry breaking mechanism. Specifically, the gap 
equations are obtained as the conditions of minimal effective potential after spontaneous 
symmetry breaking. The important point in the new finite regularization method is that 
there appear two intrinsic mass scales, i.e., the characteristic energy scale (CES) and 
the sliding energy scale (SES) fis- Here the CES is the basic energy scale below which 
the effective field theory becomes meaningful as the low energy dynamics of nonperturbative 
QCD. The SES iis refiects the energy scale on which the interesting physics processes are 
concerned. Because of these interesting features in the new finite regularization method, it 
manifestly distinguishes from either the dimensional regularization which cannot lead to the 
right gap equations though it preserves gauge and Lorentz invariance, or the naive cutoff 
regularization which destroys the gauge invariance though it could lead to the required gap 
equations. It will explicitly be shown that the resulting effective chiral Lagrangian is a 
nonlinearly realized chiral model, and the (approximate) chiral symmetry U{3)l x U{3)r of 
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QCD Lagrangian is broken down through a dynamically spontaneous symmetry breaking 
mechanism. Here the lightest U{3)v nonet scalar mesons appearing as the chiral partners of 
the nonet pseudoscalar mesons are the composite Higgs bosons. Of particular, the instanton 
effect is found to play an important role in the dynamically spontaneous breaking of chiral 
symmetry U{3)l x U{3)r. As expected, it not only provides a natural explanation why the 
singlet pseudoscalar meson r]' is much heavier than the octet pseudoscalar mesons, but also 
leads to a reasonable prediction for the mass spectrum of nonet scalar mesons. Actually, it 
is the instanton effect that makes the singlet scalar meson (the a) to be much lighter than 
the octet scalar mesons, which is in contrast to the nonet pseudoscalar meson sector. In 
addition, it also results in consistent predictions for the light quark masses and the mixing 
angles between the singlet and octet neutral scalar and pseudoscalar mesons. 

II. EFFECTIVE CHIRAL LAGRANGIAN AND DYNAMICALLY 
SPONTANEOUS SYMMETRY BREAKING 

Let us begin with the QCD Lagrangian with only light quarks 

JO^QCD = qYiid^ + gsGlT-)q - qMq - \trG^,G^'' (1) 

where q = {u, d, s) denote three light quarks and the summation over color degrees of 
freedom is understood. are the gluon fields with SU(3) gauge symmetry and Qs is the 
running coupling constant. M is the light quark mass matrix M = diag. {mi, 1712,1713) = 
diag.{mu,md,ms). In the limit — > (i=l,2,3), the Lagrangian has global U{3)l x U{3)r 
symmetry. It is known that the chiral U{1)l x U{1)r symmetry is broken down to U{l)v 
symmetry due to the quantum U{1)a anomaly of QCD, namely the so-called instanton effect. 
The instanton- induced interactions were found to have the following form [4,11] 

= «mste^^^"^' deti-qRQL) + h.c. (2) 

where Kinst is a constant and contains the factor e~^'^^/^^. Obviously, this instanton term 
breaks the chiral symmetry U{1)a- 

The basic assumption in our present consideration is that at the chiral symmetry breaking 
scale (~ 1 GeV) the effective Lagrangian contains not only the quark fields but also the 
effective meson fields describing bound states of strong interactions of gluons and quarks. 
After integrating over the gluon field at high energy scales, the effective Lagrangian at low 
energy scale is expected to have the following general form when keeping only the lowest 
order nontrivial terms 

£eff{q, q, = qYtdf^q + qil^A^qL + gi?7M^^9i? " [ Qii'^ " M)qR + h.c. ] 

+ iil^tr ($Mt + M$t) - ii}tr<^><^>^ + /Unst (det * + h.c.) (3) 

where are the effective meson fields which basically correspond to the composite operators 
qRjqu- Al and Ar are introduced as the external source fields. The instanton induced 
interaction Kj„s(e'^'"^' det(— g^jgi) has be mimicked by the term yUj„ste*^""^* det $ [11]. It is 
noticed that without considering the instanton-induced interaction term (or taking N,inst — 
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0), the integral over the effective meson fields leads to the four fermion interaction term 
and the resulting effective Lagrangian is then related to the Nambu-Jona-Lasinio model [3]. 
Therefore without the instanton induced interactions, the above Lagrangian can be regarded 
as the bosonized Nambu-Jona-Lasinio model with the quark mass being given by 

(4) 

it is clear that when taking //^ = 2//j, we then arrive at, after integrating over the effective 
meson field the well-known four quark interacting Nambu-Jona-Lasinio model with the 
well defined QCD current quark masses M . In this sense, the effective meson fields may 
be regarded as the auxiliary fields. Namely there is no kinetic term for the effective meson 
fields in our present considerations. Also the high order terms for the effective meson fields 
with dimension being equal and larger than four are not included assuming they are small 
and can be generated in loop diagrams. This indicates that only the lowest order nontrivial 
fermionic interaction terms are considered after integrating over the gluon field. For our 
purpose in the present paper, the vector and axial vector mesons are also not considered, 
only the scalar and pseudoscalar mesons are concerned. As the pseudoscalar mesons are 
known to be the would-be Goldstone bosons, the effective chiral field theory is naturally to 
be realized as a nonlinear model. Thus we may express the 18 effective meson fields of the 
3x3 complex matrix into the following form 

+ J. „ .2n(x) 

^{x) = iL{^)(t>{x)ii{x), U = iL{^)iU^) = edx) = e'— 

0t(^) ^ ^(^) = g nt(x) = u{x) = 2 n«(x)T" (5) 

a=0 0=0 

where (a = 0,1, ■■■,8) with [T*^, T^] = i/»'"^T'^ and 2trT''T^ = Sab are the nine gen- 
erators of U{3) group. The fields n"(a;) represent the pseudoscalar mesons and the 
corresponding scalar mesons. / is a constant with mass dimension. 

The effective chiral Lagrangian for mesons is then obtained from integrating over the 
quark fields. The procedure for deriving the effective chiral Lagrangian of mesons can be 
formally expressed in terms of the generating functionals via the following relations 

- / PG^PgPge^/'^'^^o^^ = - / V<^>VqVqe'I'^'''^^ff^'^'^''^^ = [ p$e^/'^'^^=^^(*) (6) 

Z J Z J ^eff J 

By applying the Schwinger's proper time technique [12] to the determinant of Dirac 
operator and using the new finite regularization method proposed in ref. [10] for momentum 
integrals, we arrive at the following effective Lagrangian (a detailed derivation is presented 
in the appendix) 

Ceffi^) = -^^trTo [ D^^D^"^^ + dA^D^"^ - - M^f - - M'^f ] 
2 167r 

+ — "-Ml trT2 [ ($l>^ - M^) + (l>t|. - M^) ] 

+ i^l^tr ($M^ + M$^) - /xjtr$$^ + iHnst (det $ + h.c.) (7) 
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with $ = $ — M, and M — V — M — diag.{rhi, m2, m^)- Here fhi — Vi — rrii is regarded as 
the dynamical quark masses, Vi is supposed to be the vacuum expectation values (VEVs) of 
the scalar fields, i.e., < >= V = diag. {vi,V2, v^) and to be determined from the conditions 
of minimal effective potential in the effective chiral Lagrangian Ceff{^). Here we have only 
kept the lowest terms needed for our purpose in the present paper. Where the two diagonal 
matrices Tq = diag.{T^^\TS^\T^^^) and T2 = diag.{T^^\TP ,T^^'^) arise from the integral 
over the loop momentum by using the new finite regularization method. They are given by 
the following form 

J'i-'(i|)-l-i|[lnt-T. + l+..(i|)l (9) 



with 



y^ix) = / da (10) 

y^{x)^-{e-^-l + x) (11) 
y2{x) = y^ix) - yi{x) (12) 



Note that Mf. is the characteristic energy scale from which the nonperturbative QCD 
effects start to play an important role and the effective chiral field theory is considered to 
be vahd below the scale Mc- We have also used the definitions 

l^i ^ l4 + "^i > fhi^Vi- rrii (13) 

with n1 the sliding energy scale arising from the new finite regularization, it is usually taken 
to be at the energy scale at which the physical processes take place. As it is easy to see that 
the equal mass case m„ = md = nis must lead to the equal VEVs vi — V2 — vs, one may 
then write the VEVs in terms of the following general form 

Vi — Vo + Prrii, i — 1,2,3 or i — u,d,s (14) 

Let us now focus on the effective potential which may be reexpressed as the following 
general form 

Veff{<^>) = -trfil^ ($Mt + M*^) + itr/ij($$^ + $^$) 

+ ^trX[ ($$t)' + ($t$)2 ] - pLinst (det $ + h.c.) (15) 
with /tj, /t^ and A the three diagonal matrices 

^2 _ ,.2 f .,r2rr , .-,r2r 



/i/ = /^/-^K^2 + M^Toj (16) 
87r2 



87r2 

i^l-yL-vz-2 + M^To) (17) 



A = ^To (18) 
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Taking the nonlinear realization = ^l{x)4>{x)$,1^{x) with supposing that the minimal of 
the above effective potential occurs at the point < (p >— V — diag.{vi,V2,V3), and writing 
the scalar fields as 

= y + (fix) (19) 

we then obtain three minimal conditions 

- {fifj.Vi + {pVj.m - 'iXifhl + iiinstv^'lv, = 0, i = 1, 2, 3 (20) 

with v"^ = V1V2V3. For convenience of discussions, it is useful to decompose the diagonal 
matrices //^, fij, (x^ and A into two parts that are independent of and dependent on the 
current quark masses {i — u,d,s). Practically, it can be done by making an expansion 
in terms of the current quark masses 



li^,^lxl + 2{(3-l)vorhi, ^l = ^l + vl, mi^mi[l + {(5-l)mil{2vo)\ (21) 
(AJ) . = /Zj + 2^Xf,m,[ 1 + E «fc f — ) (/3 - 1)' ] (22) 



(A^) + '^Hom[ 1 + E f- V (/^ - 1)' ] (23) 

A, = A-A.EAf-l (/3-1)', (24) 
fe=i V/^o/ 167r^ 

The unknown seven parameters are /x^, ^inst^ "^o, /9 /^s and A in addition to the three 
current quark masses. Three of them are determined by the three minimal conditions. 
liinst is in principle calculable and will actually be fixed by the rj' mass. Vo is related to 
the pion decay constant /. A is given by the characteristic energy scale Mc at which the 
effective chiral field theory become meaningful, namely is at the same order as the chiral 
symmetry breaking scale Mc ~ 47r/. The sliding energy scale runs to the scale at the 
order of dynamically spontaneous symmetry breaking scale Vo- 

Solving the three equations of the minimal conditions with keeping only the nonzero 
leading terms in the expansion of current quark masses, we then obtain the following three 
constraints from the minimal conditions 

t;o(1 -€,)(/? -1)V/9'^W3 (25) 
2A(vi„3tW3 - vl) ~ jji) (26) 

2p\vl + 6(/3 - l)\vl + 2A„(/3 - l)vl{l 2(3fl} (27) 

where we have neglected the small quark masses and and introduced the definitions 

f,fo = 2XoVo{P-l){l-r) (29) 

fJ'inst = 2Al'j„5t (30) 
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Here r and ai are given by 



i-ii^4^o(A, (31) 



,2 ,,2 



-(^-^'-T^f'll^'''^' '''' 

Note that in obtaining eq.(25) one needs to keep terms to the order of mf . The parameters 
p,^ and /ij are related to the initial parameters in the effective potential and the characteristic 
energy scale via the following relations 

(33) 

Prom the normalization of the kinetic term for the pseudoscalar mesons, we have the relation 

X' = /V4 (36) 

Note that when ignoring the instanton effects, i.e., taking Vinst — 0, one sees that the 
minimal conditions lead to the usual gap equation 

^M,^-/.^fln^-7. + l + y2(4)l] = l 



However, the anomalous large mass of rj' implies that the instanton effects are important. 
Therefore the conditions of minimal effective potential must be modified after including the 
instanton effects . They may be regarded as the generalized gap equations and their effects 
will be discussed in the next section. So far, we have explicitly shown the mechanism of 
dynamically spontaneous symmetry breaking. 



III. MASSES OF LIGHT QUARKS AND LIGHTEST NONET SCALAR MESONS 

To make numerical predictions for the masses of scalar and pseudoscalar mesons, one 
needs to solve the generalized gap equations. For that one must have the knowledge for the 
three initial parameters /ij, fi^ and Hinst appearing in the original effective Lagrangian. In 
addition, one should also know the intrinsic mass scales Mc and Hs- In principle, they all 
should be calculable from QCD and depend on the QCD running scale fi the basic QCD 
scale Aqcd as well as the light quark masses m„, and m^. Practically, one may choose 
the parameters Vo, P, Mc, fj^s and the light quark masses as input, this is because such a set 
of parameters are much directly related to the low energy phenomena. 

As we have shown in the previous section that to have well defined QCD current quark 
masses without considering the instanton interaction term, it requires that 
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(^^-ij M = M, i.e. fil = 2i,} (37) 

which reduces one parameter. 

Also when omitting the instanton interaction term, the auxihary fields are found 
from the effective Lagrangian eq.(3) to be given by the quark fields as follows 

1 

^ij = j^RjQLi + ^Mij (38) 

Assuming the quark condensate is almost flavor independent, i.e., < uu >~< dd >~< ss >, 
we then obtain by combining the above condition /^^ = 2yLij the second condition 

P^^^^2 (39) 

so that the dynamical quark masses have the simple form 

fhi ^ Vi — rui ^ Vo + {P - l)mj = ■Uo + m,, i = u, d, s (40) 

which may also be regarded as a kind of constituent quark masses after dynamically spon- 
taneous symmetry breaking. Where Vo is caused by the quark condensate 

< qq >, q — u,d,s (41) 



2fi 



It is supposed that the inclusion of the instanton interaction term do not significantly change 
the above two conditions. Namely, we take (3 ~ l^'m/ 1^} ~ 2 as a good approximation to 
reduce two parameters. This is because the instanton term is found to be much smaller than 
the quadratic term /imst/ IJ'f — 0.06 (see below). 

To determine the remaining parameters, we consider the following constraints. Two 
constraints arise from the pseudoscalar sector. One is due to the normalization of the 
kinetic term (eq.(36)) 



Tovl = = A^ ~ (340MeV)2 (42) 



The other is from the mass matrix for the isoscalar and singlet pseudoscalar mesons 778 and 
770 (see below) , the trace of the mass matrix leads to 

Vi„stV3 = liml + - 2ml) = + K ' 2^1) - (348MeV)2 (43) 

Where we have used / ~ 94 MeV and the experimental data niK — 496 MeV, ~ 548 
MeV and m^/ ~ 958 MeV. 

In the scalar sector, the well measured scalar meson ao(980) will provide a constraint to 
the VEV Vo with ~ Aj = 340 MeV. This indicates that no large loop corrections arise 
from the logarithmic term in our present considerations, namely 
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ro(/^o/^c)-l i-e- A ~ A„ = 7Ve/(167r') 



(44) 



With the above constraints together with the three minimal conditions, the parameters 
are determined to be 



Vo^Af ^ 340MeV 

= ~ (204MeV)2 
Mc ~ 922MeV, /i, ~ 333MeV 
Vinst ^ 210MeV, or i^inst = 2Xv,nst ^ S.OMeV 
< qq >= -(242Me\/)^ ~ lUMeV 



(45) 



Here the resulting quark condensation is consistent with the one from QCD. 

We are now in the position to make predictions on the masses and mixing for the scalar 
mesons, pseudoscalar mesons and/or light quark masses. To be manifest, let us first write 
down the scalar and pseudoscalar meson matrices 



\ 



and 



V2U 



TT 



+ 



V 



TT 

K- 



1^0 



bo J 



Keeping to the leading order of current quark masses, we have 



2/4 

M 

p 

2/x| 



{nid + rus) 



P 

2up 1 4 J. 

^{rriu + rud) + -m, ] = -(4m^ - ml) 



1 

3' 



TYl 

mm ~ 



■— — —[ 2ms - [mu + md) \ 



2V^/ 2 2^ 

■— -(m;^-mj 



2ui2, , 12v^ 1,^ 2 2N 24t;3 

-?^o ("^« + m<i + ms) + —pr-Hinst = i;{2rnj^ + mj + — — 
/ 3 3 



Aw 



inst 



where iip is given by 



/^P = ()S4 + 2Aw„^)wo ~ 12Aw„^ ~ 3voP 



(46) 



(47) 



(48) 
(49) 
(50) 
(51) 
(52) 
(53) 

(54) 
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By taking the numerical value for the relevant parameter ~ 340 MeV and using the 
experimental data for the pion meson mass ~ 139 MeV and the mass square difference 
between the neutral and charged kaons mj^o — ^|:± — (63MeV)^, we then arrive at the 
following predictions 

TTT'u + iTid = 2m ~ 9.5 MeV, — m„ ~ 1.95MeV (55) 

m„ ~ 3.8MeV, ma ~ 5.7MeV, m^/md ~ 20.5 (56) 

for the up and down quark masses, and 

m^^o ~ 500MeV, mK± ^ 496MeV (57) 
~ 503MeV, m^. ~ 986MeV (58) 

for the pseudoscalar meson masses, as well as 

is,n2dp^2V2[l-^p^^^^]-\ dp^-lS° (59) 

— m^2 

for the mixing angle Op between r] and r]' mesons, which is defined as 

778 = cos 9p T] + sin 9p rf 

rjo — cos 9p rj' — sin 9p rj (60) 
The masses and mixing of scalar mesons are given by 

"^o± - "^ag - 2(2m„ + mdjfflu + 2VinstV3 (61) 

ml± ~ 2(2m„ + ms)m„ + 2vinstV2 (62) 

mlo ~ 2(2m<i + ms)rhd + 2vinstVi (63) 

2 

m% ^rhl + ml + 4m^ + -Vinsti'^vi + 2v2 - V3) (64) 

mj^ ~ 2{rhl + + ml) - ^Vinstivi + V2 + V3) (65) 

\/2 

^)sfs - V^(2m^ -rfil- ml) - —Vinst{2v3 - Vi - V2) (66) 

2m^ fo . s 

tan2gg= , 67 

Here the mixing angle 9s is defined as 

/g = cos ^5 /o + sin^s a 

fs = cos 9s a- sin 9s fo (68) 

where we have ignored the mixing between Oq and /§ (/o) as it is proportional to Vi — V2 ^ 
— rrid- Inputting the values ~ rhd — Vg + rh c:^ 345 MeV, fhs — Vg + nis — 457 MeV, 
VinstV3 — (348Mey)^, vi ^ V2 ^ Vo + 2m ~ 350 MeV, Vinst — 210 MeV, we arrive at the 
following numerical predictions for the masses and mixing of the scalar mesons 
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ruao ^ 978 MeV, 
~ 970 MeV, 
m/o ~ 1126 MeV, 
rria ~ 677 MeV, 
^ -18° 



TO^^f- = 984.8 ±1.4 MeV [6] 
^exp. ^ jgj ± 19 ± 43 MeV [7] 



(69) 
(70) 
(71) 
(72) 
(73) 



m^f • = 980 ± 10 MeV [6] 
^exp. ^ ^4QQ _ 1200) MeV [6] 



The above predictions are at the leading order approximation in the expansion of cur- 
rent quark masses and also at the tree level in the effective chiral field theory. Now some 
important features become clear. In contrast to the singlet pseudoscalar meson rj' which is 
much heavier than the rj meson, the singlet scalar meson a is much lighter than /q. Also the 
isospinor scalar meson kq is below 1 GeV and likely lighter than the isovector scalar meson 
ttQ. This feature has also been observed by many groups [13]. All such features are mainly 
due to the instanton effects, which can easily be seen from their mass formulae eqs. (61-66). 
Note that the isoscalar meson mass m/(, is somehow larger than the experimental data by 
about 15% at the leading order, it is of interest to investigate the contributions from possible 
higher order terms. 



Starting from the effective Lagrangian of chiral quarks with effective meson fields as 
bosonized auxiliary fields at the chiral symmetry breaking scale, which is assumed to be re- 
sulted from integrating out the gluon fields, a nonlinearly realized effective chiral Lagrangian 
for meson fields has been obtained from integrating over the quark fields by using the new 
finite regularization method. It has been shown that the resulting effective chiral Lagrangian 
can lead to a dynamically spontaneous symmetry breaking mechanism. This is because the 
new finite regularization method keeps the physically meaningful finite quadratic term and 
meanwhile preserves the symmetry principles of original theory. After the chiral symmetry 
U{3)l X U{3)r is spontaneously broken down, the effective chiral Lagrangian contains, in 
addition to the three current quark masses m^, ma and m^, four basic parameters, Vg, /3, 
Mc and /ig- Whereas three of them (vp, Mc and Hs ) are determined through the three min- 
imal conditions in terms of the two parameters fif^^ = 2/ij and Hmst which are in principle 
calculable from QCD and given in terms of the QCD parameters Qsil^) (or fi) and Aqcd- 
The parameter f3 is also fixed by the ratio f3 = fi^/ fij = 2 based on the fact that the quark 
condensates are almost fiavor independent. It has been seen that the four parameters Vo, P, 
Mc and /ig are reduced to two independent parameters and well determined from the low en- 
ergy dynamics of mesons. Of interest, they lead to consistent predictions for the light quark 
masses and pseudoscalar meson masses as well as for the lowest nonet scalar meson masses 
and mixing at the leading order. In particular, the resulting quark condensate is consistent 
with the QCD prediction. In general, once the basic parameters at the leading terms are 
determined, all the higher order corrections from momentum and quark mass expansions 
can be systematically calculated based on the present considerations without involving any 
additional parameters. This is because all the couplings of higher order corrections in the 
momentum expansion only depend on the independent parameters Vo (or fig) and M^. More 
general description on the effective chiral quantum field theory of mesons with including 



IV. CONCLUSIONS 
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possible high order terms and also the vector and axial vector mesons is beyond our present 
purpose and will be considered elsewhere. 
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APPENDIX A: DERIVATION OF THE EFFECTIVE CHIRAL LAGRANGIAN 
BY NEW FINITE REGULARIZATION METHOD 

To obtain the effective chiral Lagrangian for mesons given in the text, we need to integrate 
over the quark fields (which is equivalent to calculate the Feynman diagrams of quark loops) 
from the following chiral Lagrangian 

^e// = Ql^'idi.q + qLlt^A'^QL + qRl^^A^RqR - [ qL{,x){^x) - M)qR{x) + h.c. ] 

(Al) 

The above Lagrangian is invariant under transformations of the global chiral symmetry 
U{3)l X U {3)r in the limit rrii —>■ {i = u, d, s) , 

qL(x) = P+q{x) ^ QLqiix), qR(x) = P-q(x) ^ gRqR(x); ^(x) ^ gL^(x)gli (A2) 

Using the method of path integral, the effective Lagrangian of mesons is evaluated via 

J [d^exp{i J d^xC^} = Z-^ j[d^][dq\[dq\exp{i j d^xjClff}. (A3) 

The functional integral of right hand side is known as the determination of the Dirac operator 

J [dq][dq]exp{i J d^xCljj} = det{iV). (A4) 

To obtain the effective action, it will be useful to go to Euclidean space via the rule 70 — > ^74, 
Go iG4, xo —>■ —ix4 and to define the Hermitian operator 

= J d^XEC^ = IndetiPg 

= ^[IndetiP^; + lndet(iPE)t] + IflndetiP^; - lndet(iPE)t] = S^^ + S^,^ (A5) 

with 

Ser. = / d^^EC^ = ^ In deiiiVEiiVE)'^) - In = ^ In det - In 

Smm = jd'xECf^ = UT^deiiiVE/iiVE)^) ^ ^IndetG^ (A6) 

where the imaginary part CYm appears as a phase which is related to the anomalous terms 
and will not be discussed in the present paper. The operators in the Euclidean space are 
given by 
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iPfi = -i7 • 9 - 7 • AlPl - 7 • ArPr + ^Pr + I-^Pl 

(WeY = i7 • 9 + 7 • ArPl + 7 • AlPr + ^''Pr + ^Pl (A7) 

with $ = $ — M and P± = (1 ± 75)/2. is regarded as a matrix in coordinate space, 
internal symmetry space and spin space. Noticing the following identity 

In det O^Tr In O (A8) 

with Tr being understood as the trace defined via 

TrO ^tr J d'^x < x\0\y > \^=y (A9) 

Here tr is the trace for the internal symmetry space and < a;|0||/ > is the coordinate matrix 
element defined as 

/oo fj^fc 
-oo (2^"^'^ ^^^^^ 

For the derivative operator, one has in the coordinate space 

< xld^'ly >^ S\x - y){-ik^' + d^) (All) 
With these definitions, the operator in the Euclidean space is given by 

< x\AE\y >^ S\x - y)A% (A12) 



with 



A| = A;' + Ab = Ao + Ae (A13) 

Ao^k^ + (A14) 
Ae = (l>l'^ - M^) Pr + (l>^l' - M^) PL-il- De^Pl - n ■ De^^'Pr 

-(Ti.uJ'Rt.uPL - (J^,Tl„uPr + {iDE„) {iD'^e) + 2k ■ {iDe) (A15) 



with 



iDe^ = id^ + Al^ - ^Ar (A16) 
iDe ^id + ArPl + AlPr (A17) 

Where M is the supposed vacuum expectation values (VEVs) of $, i.e., < $ >= M = 
diag .{rfiu, rhd, rhs) ■ With this convention, it will be seen that the minimal conditions of the 
effective potential are completely determined by the lowest order terms up to the dimension 

four (^^^^ — M^^ in the effective chiral field theory of mesons. Regarding A^ as the 
interaction term and taking 

Zo = (det Ao)^/^ (A18) 
Thus the effective action in the Euclidean space can be written as 
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SMne = ^Indet A^(Ao)-^ = ^^rln^ (A19) 



Using Schwinger's proper time technique [12] 



— e--^- lnTo + 7+E 

^ V n=l 



n ■ n\ 



(A20) 



the effective action is found in the coordinate space to be 

where we have used the identity e^^e^ = e^+^+ii^ ^1. Treating as perturbative interac- 
tion and making an expansion, we have 



For the given order of expansion, the integral over r can be performed by using the following 
integral 

/ — e-^^V'^ = (n- l)!Ao'' (A23) 

For the integral over momentum, which involves quadratically and logarithmic diver- 
gence. In order to maintain the gauge invariance and meanwhile keep the quadratic term, 
the new finite regularization method proposed recently in ref. [10] should be adopted for the 
momentum integral. 



c 



with the consistent conditions [10] 



-^2^1/ — 2^l^i^^2J ^Qfiv — '^9nuIo (A26) 



where L2 and Lq are given in text. The superscript 'R' means regularized one. 

With these analyzes, the effective chiral Lagrangian can be systematically obtained in the 
expansion of momentum and current quark masses by transforming back to the Minkowski 
spacetime. In the text, we only kept those terms needed for our purpose in the present 
paper. 
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